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THE ACTION OF A RIGID STAMP ON A HALF-PLANE WEAKENED BY A 
REGULAR SYSTEM OF CRACKS* 

A.G. BOYADZHI, M.L. BURYSHKIN and M.V. RADIOLLO 

The action of a rigid stamp on an isotropic half-plane weakened by a 

regular system of rectilinear cracks is studied. The problem in question 
differs fundamentally from the wide class of problems solved in recent 

times for symmetric bodies in the non-periodic character of the boundary 

conditions at the edge of the half-plane. 

The unknown function of the contact pressures is sought in the form 

of an expansion in terms of Chebyshev polynomials. The coefficients of 
this expansion are found from the system of algebraic equations obtained 

by transforming the condition of compatibility of the vertical displace- 

ments of the stamp and its foundation. A series of problems arising in 
this connection and concerning the stress-strain state of the half-plane 

under the action of loads applied to its edge described in terms of 

Chebyshev polynomials, is solved using a general scheme which makes use 

of the symmetric properties of the medium. Results of a numerical 
analysis and the functions of contact pressures under the stamp and the 

stress intensity coefficients at the crack tips are given. 

_ A smooth stamp is situated on the segment y = [d-h, d-f- hi of the z axis. The function 

f(r) describes the shape of its base. The forces acting on it are reduced to the principal 

vector Q and moment M. We assume that the area of contact between the stamp and foundation 

does not change, and that there is no interaction between the crack edges. Fig.1 shows the 

orientation of the cracks, the position of the coordinate axes and the basic geometrical 

dimensions, and gives the notation. 

Although the system of cracks is regular, the medium in question is not geometrically 

symmetrical. The symmetry is violated by the mixed boundary conditions at the edge of the 

half-plane. As far as the authors know, a problem of this class has not been solved before. 

The proposed scheme of investigation can be extended to a large number of other classical 

contact problems for foundations with a periodic structure. 
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Fig.1 

We shall naturally seek the function of the contact pressures P (4 under the stamp in 

the form m 

PW)=&P,W, P(I)=* (1) 

I= o;;=(x-d)/h, f~[-I,11 
__~ ~-___--.- 
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where TX (5) are Chebyshev polynomials of first kind and at (k = 0, 1, . . .) are real coefficients 
to be determined. 

In accordance with expansion (1) and the principle of superposition, we have 

Here u(x) and x@)(P) (y) are the vertical displacements of the points of the segment 'p, 
and the jumps in the partial derivatives in 31 of the horizontal displacement @ =i) and 
vertical displacements (p = 2) of the points of the half-plane during passage through the 

segment P , while vk (5) and &')"' (y) are their components corresponding to the load p&(x) 

Constructing the jumps x'"""(y) solves the problem in question completely. 

Let us first pause and consider the determination of the functions @)@) (y). The corre- 
sponding load pk(s) is applied to the segment y. Naturally, we decompose the stress-strain 
stateintothebasic state occurring in a continuous half-plane, and the perturbed state which 
compensates for the stresses occurring at the crack edges in the basic state. Since in the 
latter state we have no jumps during the passage through the segments P , it follows that 
we can find the functions which are of interest by solving just a single perturbed state. 
Here the edge of the half-plane will .be load-free and the following normal and shear loads 
will be applied to the crack edges r'": 

14) 

where ozF (2, Y) and z,,F(x,g) denote the corresponding stresses in the well-known Flamant 
problem for a continuous half-plane /I/. 

The convergent method for studying the perturbed state is that given in /2/, based on 
the already approved scheme of solving problems of linear mechanics for symmetric bodies /3/. 

Therefore, we shall regard, from now on, the jumps am) (u) as known. In this case we can ._. 
easily find any components of the stress-strain state in question under the load 
particular, we have 

vk’ (I) = I$“’ (x) + I$” (x), x E y (u’ = duldx) 

Pk (4. In 

(5) 

(6) 

(7) 

where the superscripts 0 or 1 denote quantities connected with the basic or the perturbed state 
of the half-plane, and E is the modulus of elasticity. 

We will now turn our attention to the problem of calculating the coefficients 6zk (k = 0, 
i, 2, . . .) in expansions (l)-(3), The usual conditions of equilibrium of the stamp yield at 
once 

a0 = Q/(~~l). ox = 2M/(xk) (8) 

In order to find the remaining coefficients, we shall construct a linear systemofalgebraic 
equations. According to the contact conditions of 

V (4 = v + (x - d) cp + f (ST), Vr E y (9) 

where V and cp are the displacement and angle of rotation of the stamp. Equating the right-hand 



sides of relations (2) and (9), differentiating the result and taking formulas (8) intoaccount, 

we find 

Let us multiply expression (10) by U,,,(g) j/l - E”, where U,,,(E) is a Chebyshev PolY- 
nomial of the second kind, and integrate it on the segment y. Repeating this operation for 

112 = 0, 1, . . . and taking formula (5) and the relation I$" ’ (x) = ZU-1 (5)/E (k = 1, 3, . . .): following 

from (6) into account, we can construct the following system for determining the coefficients: 

T,A,ka,-=Gv + B, 
k=z 

2 z‘$,,kUk=+,, (m=2,3,. . .) 
k=2 

(12) 

(13) 

The quantities Amk and B, are found from the relations 

d-!-h 

B,= 1 F(qU,,_,(g)fl-ydz (m=l,2,.. .;k=2,3 . . ..I 
d-h 

Without pausing to consider the technical aspects of numerical integration, we shall 

show that after solving the system of Eqs.(13) and determining the coefficients al,,(k = 2, 3, 
. . .)8 we can substitute them, together with (8), into (12), (1) and (31, and this will yield 

the rotation of the stamp, the function of the contact pressures and the jumps in the deriva- 

tives caused by the displacements at the cracks. 

Let us give some numerical results for a purely periodic system of cracks (e=a/4) and a 

flat stamp f(z)= 0. acted upon by a central force Q(M=b). 

Table 1 gives data on the coefficients K, of the intensity of normal stresses at the 

upper (n= 1) and lower (71 = 2) tips of the cracks Pa (N = 1), I']* (N = 2), P(N = 3) at a= 4. and 

various relations between other parameters and a fixed value O/b = 1 , and the values quoted 

are for 103.K,. It is best to show that the coefficients K, are determined from the jumps 

j((l‘)(l) @) at the corresponding cracks, using the known relations /4/, and in the case of a 

single crack situated in an isotropic plane and acted upon by internal unit pressure they are 

equal to unity. 

Table 1 

u, h 

0.125 1 

0.25 
0.5 

0.25 
; 
3 

0.5 I 3 

n=1 

I 

161 

40 

i;; 
248 
264 

1 231 

I 2 Ill 
73 29 

t: 5 

1:; 
:; 
102 

180 168 
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13 

+ 
16 
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78 
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In what follows, we shall assume that a = 4, y1 = 0.25 and d= 0. 
Fig.2 shows the functions of the contact pressures under the stamps of various lengths 

(the dashed lines correspond to the continuous half-plane). We see that for short stamps 

situated between the cracks the presence of the latter leads to an increase in the mean values 

of the contact pressures, and to their reduction at the peripheral zones of the base. 1n the 

case of long stamps, the presence of the cracks in the half-plane leads to a characteristic 

oscillation connected with the decrease in contact pressures above the cracks andtheirincrease 

between them. 
If we assume that the cracks were preloaded with a uniform internal pressure of intensity 

g, then the values Q*. and Q./h at which the cracks begin to close will be of interest from 
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the point of view of engineering applications in which the crack edges may come into contact 

with each other. It is obvious that for Q<Q* the above solution remains valid. Numerical 
studies have shown that the first cracks to Close are Pa0 and Pza. 

The relations connecting Q*/q and Q*i(hq) with h are shown by lines 1 and 2, respect- 
ively in Fig.3. The dashed lines show their asymptotes, which have an obvious physicalmeaning. 
The ordinate of point A of line 1 corresponds to a stamp of zero length, and is identical with 
the value Q' of the analogous problem formulated for the half-plane in question, loaded by a 
force applied to the origin of coordinates. The bumps in the lines 1 and 2 near the value 
I1 = f are explained by the fact that the contact pressures above the crack have, according 
to the solution of the Flamant problem, little effect on its expansion. 

2 
a I 2 h 

Fig.2 Fig.3 

In conclusion we note, that the reduction method was used to solve system (13). Its level 
depends essentially on the magnitude of the parameter hta. 

In the case of short stamps, i.e. for small values of h/a, the sums (l)-(3) converge 
very rapidly and this makes it possible to retain in them a small number (k,J of termstoachieve 
acceptable accuracy. This assertion is illustrated by the data given in Table 2, which gives 
the values of 103.~ (I), where p(z) denote the contact pressures at the points I, = jhi5 (j = 0, 

I, . . ., 4). They were computed for various values of k, for e= 1, h= 1. 

Table 2 

In the case of longer stamps, the number of coefficients ak (k= 2,3,..., k, - 1). obtained 
from system (13) should be increased in proportion to h/o. 

1. 

2. 

3. 

4. 
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